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What Is Locus in Mathematics? A Comprehensive Guide

When you first encounter the term locus in a mathematics class, it can feel like stepping into a new universe of
geometric reasoning. The word itself originates from the Latin locus, meaning “place” or “position.” In mathematics,
a locus is the set of all points that satisfy a particular condition or set of conditions. Whether you're working with
simple shapes on a coordinate plane or exploring complex curves in algebraic geometry, understanding loci is
essential for visualizing relationships and solving a wide range of problems.

This article will walk you through the fundamentals of loci, trace their historical development, explore common

types, provide step by step examples, and show how they’re applied in real world contexts. By the end, you'll not only
know what is locus in mathematicsbut also be equipped to identify and construct loci in both classical geometry
and modern analytic settings.

1.The Core Definition of a Locus

A locus is a collection of points that share a specific property. In geometry, this property often involves distances,
angles, or algebraic relationships. The concept is universal across mathematics: the same idea applies whether
you're drawing a circle by hand, plotting a parabola on a graph, or solving equations in higher dimensional space.

Formally, if we have a set of conditions C e, C,, ..., C ™ that a point P must satisfy, the locus is the set of all points P
such that P meets every condition. In symbolic notation, we might write:

Locus ={ /P /] /P satisfiesCe""C,"" ..."" C ™}

In everyday language, think of a locus as the “trace” left behind when you move a point around while maintaining a
particular rule. This trace can be a straight line, a circle, a parabola, or even a more exotic shape like a lemniscate.

2. A Brief History of Loci in Geometry

The concept of a locus dates back to ancient Greek mathematics. Euclid’s Elements(circa 300 BCE) includes early
discussions of geometric loci, such as the set of points equidistant from a fixed point (a circle) or from two fixed
points (an ellipse). The Greek mathematicians were fascinated by the idea that moving a point while preserving a
relationship produces a meaningful shape.

In the 19th century, mathematicians like Augustin Louis Cauchy and Karl Weierstrass formalized analytic geometry,
providing algebraic tools to describe loci. This led to the modern view of a locus as the solution set of an equation
or system of equations.

Today, loci are a staple in both elementary geometry and advanced fields such as differential geometry, algebraic
topology, and complex analysis. Their versatility makes them a powerful tool for visualizing and solving
mathematical problems.

3. Common Types of Loci in Plane Geometry

Below is a list of the most frequently encountered loci in two dimensional geometry. Each example includes a brief



description and the typical equation that defines it.

Circle — The set of all points equidistant from a fixed center point. Equation: (x /" /h)2 /+ [(y [" 1k)? /= /r2.
Line — The set of points satisfying a linear equation. Equation: Ax /+ /By /+ /C /= /0.
Ellipse — The set of points where the sum of distances to two foci is constant. Equation: (x¥/a?) /+ /(y2/b2) /= /1.
4. Parabola — The set of points equidistant from a fixed point (focus) and a fixed line (directrix). Equation:
y2 [= |4ax.
5. Hyperbola — The set of points where the absolute difference of distances to two foci is constant. Equation: (x2/
a2) " I(y2/b?) I= /1.
6. Line of Points with a Fixed Ratio of Distances — This produces a circle or a line depending on the ratio.
7. Perpendicular Bisector — The set of points equidistant from two given points. Equation: (x /" /x ¢)2 [+ [(y [" Iy ¢)2 /= [(x " IX
8. Angle Bisector — The set of points equidistant from two lines forming an angle.
9. Circle of Apollonius — The set of points where the distances to two fixed points are in a constant ratio.
10. Conic Sections — Generalized loci defined by a quadratic equation in two variables.
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4. Constructing a Locus: Step by Step Examples

Let’s walk through a few classic locus problems to illustrate how to identify and construct them.

4.1. Locus of Points Equidistant from Two Fixed Points
Given points A(2, /3) and B(8, /7), find the locus of all points P(x, /y) such that PA /= /PB.

We set up the distance equation:

O 122 0+ Iy 113 =[x I 18)2 I+ Iy M 1T7)F]

Squaring both sides and simplifying yields a linear equation:

(X" 1220+ [y 1" 132" I[(x [ 18)2 [+ [y [" [7)3] [=10

Expanding and collecting like terms gives:

12x [+ /8y I" /80 /=10

Thus, the locus is the line 12x /+ /8y /= /80, which is the perpendicular bisector of segment AB.

4.2. Locus of Points at a Fixed Distance from a Line

Find the locus of points that are 5 units away from the line y /=/3.

Any point (x, /y) that satisfies the perpendicular distance formula to the line y /= /3 must satisfy:
ly " 13| /=15

This yields two parallel lines:

y/=/&nd y /=" 2

Hence, the locus consists of two horizontal lines, each 5 units above or below the given line.

4.3. Locus of Points with a Fixed Sum of Distances to Two Foci
Let the foci be at F (" 3, /0) and F ,(3, /0). Find the locus where the sum of distances to both foci equals 10.

Using the definition of an ellipse, we have:

I I+ 13)2 [+ y2] 1+ 1 [(x M 3)2 1+ 1y?] 1= 110



Squaring and simplifying (after some algebraic manipulation) yields the standard ellipse equation:
(x3/25) I+ [(y29) I= /1
Thus, the locus is an ellipse centered at the origin with semi major axis 5 and semi minor axis 3.

5. Loci in Coordinate Geometry: The Algebraic Approach

Coordinate geometry transforms geometric loci into algebraic equations. This algebraic perspective allows us to
solve locus problems using algebraic manipulation, calculus, or computer algebra systems.

5.1.Translating Geometric Conditions into Equations

When a locus is defined by a geometric condition, we first express that condition using coordinates. For example, if
the locus is the set of points equidistant from two fixed points, we write the distance formula and set the distances
equal. Similarly, for a locus defined by a ratio of distances, we set up a proportionality equation.

5.2. Solving for the Locus Equation

Once we have the equation, we often need to simplify it. Common techniques include:
¢ Squaring both sides to eliminate square roots.
¢ Expanding binomials and collecting like terms.

« Completing the square to identify conic sections.
 Factoring to isolate linear or quadratic components.

After simplification, we interpret the resulting equation to identify the shape of the locus. For example, an equation
of the form Ax2 /+ /Bxy /+ /Cy? [+ |Dx [+ [Ey /+ [F /= /0 can represent a conic section depending on the discriminant B2 /" /4AC.

6. Advanced Locus Concepts

Beyond elementary shapes, loci appear in more sophisticated mathematical contexts. Below are a few examples.

6.1. Loci in Complex Analysis

In complex analysis, a locus might represent the set of points where a complex function takes on a particular value
or satisfies a specific property. For instance, the set of points where the modulus of a complex function equals a
constant forms a circle in the complex plane.

6.2. Loci in Differential Geometry
In differential geometry, a locus can be the set of points that satisfy a differential equation. For example, the set of
points where the curvature of a curve is constant yields a circle or a straight line, depending on the curvature value.

6.3. Loci in Algebraic Geometry

Algebraic geometry studies loci defined by polynomial equations. A classic example is the curve of intersectionof
two surfaces, which is a locus of points satisfying both
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